In the nuclear f 7/2 shell, the nucleon-nucleon interaction can be represented by the eight values
I. INTRODUCTION
Having chosen a set of E(J), one can perform calculations of the spectra of more complicated nuclei, e.g., the Ti isotopes-2 protons and n neutrons, where n can range from 0 to 8. A not unreasonable choice is to equate E(J) with the yrast spectra of the two-particle system 42 Sc.
In a previous work, we examined the behaviour of the spectra when all the T = 0 twobody matrix elements were set to zero. We could also set them to a constant. This would not change the relative spectra of states with a given isospin, but it would change the relative energies of states of different isospin. In this work, we are always considering states with the lowest isospin, and so, nothing will be affected. A common thread was found-that the states which were degenerate had angular momenta which could not occur for a system of identical particles, e.g., J = 1/2 − , 13/2 − , 17/2 − , and 19/2 − cannot occur in the f 3 7/2 configuration of 43 Ca. Likewise, 3 + , 7 + , 9 + , and 10 + cannot occur for the (f 4 7/2 ) configuration of 44 Ca. Furthermore, it was found that these states displayed a partial dynamical symmetry that the angular momenta (J P , J N ) were good dual quantum numbers.
An important point to be made is that, for the above mentioned nuclei, when one uses the full interaction (both T = 0 and T = 1 two-body matrix elements), we are not so far away from the limit where [J P , J N ] are good quantum numbers (see Refs. [1, 2] ). For example, using two-body matrix elements obtained from the spectrum of 42 Sc (soon to be discussed),
we find the following wave functions 0.70089( [4, 6] + [6, 4] ) + 0.13234 [6, 6] In 43 Sc we are close to the limit [7/2, 4] I = 13/2 1 , and in 44 Ti, to 1/ √ 2( [4, 6] + (−1) I [6, 4] ).
So, studying the limit where the T = 0 matrix elements are set to zero makes sense.
We here note that there are other degeneracies present and that they require a different explanation. Here is the remaining list: In the next sections, we will shed as much light as we can on these cases. In the calculations to be presented, we will use two interactions: V ( 42 Sc) and T 0V ( By studying the nuclei and energy levels above, we are focusing on situations where the T = 0 two-body matrix elements play an important role. In general, the effects of the T = 0 matrix elements in nuclei are more elusive than those for T = 1. Two identical particles must have isospin T = 1, so that when we study, say, the tin isotopes in a model space involving only valence neutrons, the only two-body matrix elements are those with T = 1.
And indeed the BCS theory in nuclei only involves T = 1 matrix elements. We must seize whatever opportunity there is to study the effects of T = 0 two-body matrix elements and we have, therefore, focused on cases which optimize this possibility. the n i set for the valence neutrons. The derivation here is quite general and can be applied not only to the f 7/2 shell, but to other shells as well.
II. EXPLANATION OF THE DEGENERACIES IN
The proton-proton interaction would be
And similarly for the neutron-neutron interaction.
The proton-neutron interaction would be
If V (1, 2) acts only in T = 1 states, this can be written 
where (4a) corresponds to the proton-proton interaction and (4b)-(4c) is the result of the neutron-neutron interaction. For the proton-neutron interaction, we have
Comparing (4) and (5), we see that
Thus, the expectation value of
× (the expectation value of V pp + V nn ). 
The last matrix element reduces to 3 2 , − 1 2
, which is zero because ( 
Each of these matrix elements is of the form
and our previous work shows that the expectation value of V pn is half of the expectation
Similarly
independent of J. Therefore Throughout this section, the numbers that we will give for the energy differences are calculated using the interaction V ( 42 Sc).
In a previous work, it was noted that when the T = 0 two-body matrix elements were set equal to a constant (which might as well be 0), there were certain degeneracies and, for selected states in 43 Sc, (J P , J N ) were good quantum numbers. The selected states were those with angular momenta I which could not be found in 43 Ca, i.e., 1/2, 13/2, 17/2, and 19/2, all of them with isospin T = 1/2. For these states, we have a partial dynamical symmetry, but for the other angular momenta which can occur in 43 Ca (3/2, 5/2, 7/2, 9/2, 11/2, and 15/2) we do not have such a symmetry.
Consider first the I = 17/2 − and 19/2 − states. The basic configuration is (J P = 7/2, J N = 6). Since the wave function is antisymmetric in the two neutrons, the expectation values of V (p, n 1 ) and V (p, n 2 ) are the same. Thus we have:
bra and ket,
where we have used Jahn's notation [3] for the unitary 6-j recoupling amplitude
= (−1)
where the last factor is the usual 6-j symbol. Thus
For I = 17/2 and 19/2 we have
Hence, the difference in energy is given by
This depends only on the T = 0 two-body matrix elements and it vanishes when they are set equal to a constant. Using V ( 42 Sc), we get a value of 0.65316 MeV for Eq. (21).
As a slightly more complex example, consider the J = 13/2 − states in 43 Sc. 
which is equal to −0.21034 MeV. Note that this coupling matrix element depends only on the T = 0 two-body matrix elements and vanishes when they are set equal to a constant.
Hence, when the T = 0 two-body matrix elements are set equal to a constant, the two 
Although the two expressions involve both T = 0 and T = 1 two-body matrix elements, the difference E(13/2) − E(1/2) depends only on T = 0 two-body matrix elements and vanishes if they are set equal to a constant.
We next find
. (25) Note that when E(3), E (5), and E(7) are set to a constant, we get this state to be degenerate 
which can be generalized to
and applied to other shells. 
and rewrite it as
By choosing the principal parent J 0 to be 2j − 3 and taking J 1 = 2j − 1, one gets the condition of Eq. (27). By choosing J 0 = 2j − 1 and 
were degenerate. It was pointed out that the above angular momenta could not appear in 44 Ca and, if we attempted to construct two-particle cfp's to these forbidden states, then those cfp's must vanish. By choosing different principal parents, the authors obtained decoupling conditions (to make (J P , J N ) good dual quantum numbers) and the degeneracy condition.
The decoupling conditions are
7/2 7/2 4
for I = 3 and 7, and
7/2 7/2 6
for I = 3, 7, 9, and 10. The generalization of the latter condition for other j shells is
for I = 2j − 4 and I = 4j − 4.
In Shadow Robinson's 2002 thesis [7] , there are two degeneracy conditions. First we have
which is independent of I, but only for certain values of I. For example, for j = 7/2, I = 3, 7, 9, and 10. None of these angular momenta can occur for the f 4 7/2 configuration of identical particles. In the g 9/2 shell, Eq. (35) holds for I = 11, 13, and 14, which are the only angular momenta that cannot occur for a system of four identical particles in the g 9/2 shell.
A second condition is [7]
for I = (4j − 4) and (4j − 2). For these two values, the result is independent of I. In the f 7/2 shell, this applies to I = 10 and 12. In the g 9/2 shell, it applies to I = 14 and 16.
Recently, Zhao and Arima have derived these results [7] in a different way considering systems of four identical particles [8] .
The expressions for the respective energies of the degenerate configurations shown in (7) We can readily see that all these differences depend only on the T = 0 two-body matrix elements and that they vanish when the said matrix elements are all set equal to a constant. (7) The differences involve only the T = 0 two-body matrix elements
Using V ( 42 Sc), we obtain 0.57992 MeV for this difference. Note that Eq. (37) vanishes if E(3), E(5), and E(7) are set equal. (5) + 9.249999E(6) + 4.956295E (7) E(29/2 − )−E(31/2 − ) = 0.369048E(1)+0.234848E(3)+0.028388E(5)−0.632285E (7), (38) which is equal to 0.22873 MeV.
IV. 46 V
In 46 V the I = 12 + and 13 + states (both have isospin T = 0) are degenerate when the two-body T = 0 matrix elements are set to a constant. In that limit, the states in question have the following structures
15/2 ν (39a)
Note that J P and J N are good dual quantum numbers, just as they were in the other cases The expressions for the energies of these states are
for I = 12.
For I = 13, we have 15 2 11 2 V 15 2 11 2 + 11 2
where
In Tables I and II, we present results of a single j shell calculation of the wave function of the I = 0, 12, 13, 14, and 15 states of 46 V [9] . For Table I the calculations have been made with the V ( 42 Sc) interaction, while in Table II we have used T 0V ( 42 Sc). The excitation energies are shown in the first rows. The wave functions are represented as column vectors
, where D is the probability amplitude that, for the α-th state of total angular momentum I, the protons couple to J P and the neutrons to J N . Looking first at Table I (full Another amusing fact is that the numerical coefficients for the two I = 12, T = 0 states Table I ). This can also be easily explained by the combination of charge symmetry and the fact that the two wave functions must be orthogonal. It would be of interest, experimentally, to study the two lowest T = 0, I = 11 states, e.g. by looking at E2 and M1 transitions from 11 2 to 11 1 .
We now come to Table II , in which the T = 0 two-body matrix elements were set to zero. These results are more difficult to explain than what we just discussed before.
13
= 0.
The expectation value in the second term is obviously zero. Hence, we find E ′ = E. This 
with coefficients (15/2, 11/2, 15/2, 9/2|J, 12) and (15/2, 11/2, 13/2, 11/2|J, 13) for I = 12
and 13, respectively. In Table III we present the excitation energies of those states that were degenerate when the T = 0 two-body matrix elements were set equal to zero. We thus get a feeling for the effects of the T = 0 matrix elements in the calculation. For example, for 45 Ti we obtain E(25/2 − ) − E(27/2 − ) = 8.46781 − 7.88789 = 0.57992 MeV. 
VI. CLOSING REMARKS
In previous works [1, 2] , we have studied degeneracies in single-j-shell calculations for 43 Sc and 44 Ti when T = 0 two-body matrix elements are set equal to zero. In this work, we give some detailed expressions for the energies, which were not present before. and there might well not be one. We have, however, noted a common feature-in all nuclei considered, the angular momenta for which degeneracies are present cannot occur for systems of identical particles in a single j shell.
It should be noted that there are some states that have [J P , J N ] as good dual quantum numbers, but are not degenerate in the limit of only T = 1 matrix elements being present.
Lastly, we reiterate that we have pointed out cases of experimental interest for those involved in studying the effects of the T = 0 interaction in a nucleus.
